We investigate a concept of multivariate pricing, which includes claim history for more than one line of business and is a generalization of the Bühlmann-Straub model. The multivariate credibility model is extended to allow for the age of claims to influence the estimation of future claims. The model is applied to data from a portfolio of commercial lines of business.
INTRODUCTION
We start by considering the simplest possible sampling scheme of the multivariate credibility approach of Bühlmann and Gisler (2005) : Let X 1 , X 2 be stochastic variables that are conditionally independent given an one-dimensional unobservable variable Q. This sampling scheme is excellent for catching heterogeneity properties in correlated variables with the same underlying risk such as small claims versus big claims or claim frequencies versus claim severities. In this paper we also consider a multivariate credibility approach. We are interested in the situation where the two considered stochastic variables X 1 , X 2 are correlated, not through the same unobservable underlying risk, but with an underlying unobservable risk parameter tied to each of the stochastic variables:
Let X 1 , X 2 be conditionally independent stochastic variables given Q = (Q 1 , Q 2 ), where Q 1 is the latent risk variable describing the severity of X 1 and Q 2 is the latent risk variable describing the severity of X 2 .
This sampling scheme is useful when analyzing more than one line of business per customer. If Q 1 and Q 2 are correlated, information from one line of business will impact on the knowledge of the other line of business. The sampling scheme of Bühlmann and Gisler (2005) , used in this particular context, would correspond to an absolute correlation of 1 between the two latent variables (Q 1 , Q 2 ). In empirical studies we see the whole spectrum of positive correlations ranging between zero and one. In this paper, we present in an empirical illustration study with correlation 0.6.
There is not a large literature on methods incorporating data from different business lines on the same policyholder. Exceptions includes the studies by Desjardins, Dionne and Pinquet (2001) , in which Bonus-Malus systems for fleets of vehicles are derived from the claims or safety offences history, and Pinquet (1997 and 1998) , in which examples is given of experience rating that incorporates additional claim information, from the number and the cost of claims, and claims at fault and not at fault within the same line of business. Instead of following the expected value principle, as in the latter papers, we follow the tradition of linear credibility.
Traditional approaches of credibility theory, based on the ideas of Lundberg (1966), Bichsel (1967) , Bühlmann (1967) and more recently Lemaire (1995) , consider one unobserved risk parameter, for each customer and treat one policy or coverage, which we here will call line of business, at a time in order to calculate a premium based on both collective and individual information. In this paper we consider two recent extensions to the traditional approach; firstly the multidimensional generalization of the credibility approach to more than one line of business, which was first introduced by Jewell (1973 and 1974) , and secondly to allow the multidimensional individual latent risk parameter to change over time.
Pioneering papers on one dimensional evolutionary credibility models are Gerber and Jones (1975) , Sundt (1981) and Pinquet, Guillén and Bolancé (2001) . The latter shows that the date of the claim does matter because the effects of a claim on the risk evaluation diminish over time. A concise review of credibility theory can be found in Norberg (2004) , and as a textbook on multiple time series analysis we recommend Lütkepohl (2005) .
While our approach has an obvious potential for improved pricing, it is also promising for other purposes where a joint understanding of more than one line of business at a time is important. One such example is cross-selling where policyholders may have policies underwritten in several lines within the same company. Here the insurance company would like to use the information of a policyholders latent risk of one line of business to be able to cross-sell him a policy of another line of business at a competitive price. This requires a multidimensional model where the correlation between the latent risk parameters of the two lines of business are understood. So, for a customer with one policy only, the experience rating mechanism should allow to incorporate the collected historical information when pricing some other policy of interest of the customer. Therefore, the insurance company can turn its data base into a competitive advantage even in situations where they do not have historical information of the customer in the line of business which they wish to cross-sell. This, however, needs a new derivation of a modified Bühlmann-Straub model, since the ordinary multidimensional model is reduces to model of lesser order when the customer lack one of the investigated lines of business.
The Bühlmann-Straub credibility model assumes all customers to be a priori equal, which is not the case for most insurance companies. So, to obtain some kind of continuity between the present actuarial practice and our approach, we aim to develop our models with prior known differences.
We will use a real data set from commercial insurance in Denmark to see the differences between the one-and two-dimensional history rating schemes.
We show through our practical example that modern extensions of credibility theory, incorporating multidimensional credibility and time effects, can lead to improved pricing of the customer risk after some knowledge of the claims history has been acquired. This paper is organized as follows, section 2 begins with a review of the classical Bühlmann-Straub credibility model and the extension to the multidimensional case. Section 3 introduces time-dependent random effects into the model. An application to the data is presented in section 4. Conclusions are given in the final section.
MULTIDIMENSIONAL BÜHLMANN-STRAUB CREDIBILITY MODEL
In this section, we provide a method to obtain a multidimensional credibility estimator for claim frequencies, with prior known differences of the individuals. An excellent and comprehensive treatment of credibility theory is found in Bühlmann and Gisler (2005) . We will use similar notation and refer to the results therein.
Let us in the univariate case consider the number of claims N ij of customer i in insurance period j, usually years, on one particular coverage, with N i = (N ij ) j =1, ..., J . We assume that every customer i has its individual risk profile q i , a realization of the random variable Q i . We also assume that we have a priori knowledge on the expected number of claims from customer i in period j, l ij , which depends on regression components represented by the vector x ij and the duration w ij : l ij = w ij exp(x ij a); a ! ‫ޒ‬ k , where a is a vector of parameters and where k is the number of regression components. This is particularly useful in practice because Bonus-Malus schemes are frequently superimposed on tariffs given by regression components, or rating factors, that may change over time, e.g. age.
Formally, we assume that N ij | Q i = q i is Poisson distributed with mean q i l ij , and moreover we assume that (Q 1 , N 1 ), (Q 2 , N 2 ), ... are independent random vectors, where Q 1 , Q 2 , ... are iid with ‫ޅ‬ (Q i ) = 1 and ‫(ޖ‬Q i ) = t 2 . This model corresponds to the case of known a priori differences, which we allow to change over time, studied in Bühlmann and Gisler (2005) where Y ij = N ij / l ij . Since Y ij satisfy the conditions of the Bühlmann-Straub model, and due to the linearity property of the projections, the best linear predictor of N iJ + 1 given N i1 , ..., N iJ and l iJ+1 is q i l iJ+1 , where
and
The first expression follows easily from standard linear regression theory and the equivalence to orthogonal projection to minimizing the sum of squares (see Norberg, 2004 ).
Since we assume a conditional Poisson distribution of the individual claims N ij , given that the a priori differences are known and given the individual risk profile, ‫(ޖ‬N ij |q i ) = ‫ޅ‬ (N ij | q i ) = l ij q i . This implies that we assume equidispersion at the individual level, but it does not imply that there is a restriction on the dispersion in the portfolio. Moreover, we believe that Poisson is a model framework that is easy to apply in practice, since modelling the number of claims with the Poisson regression model leads to consistent estimates of l ij under very general specification conditions (Gouriéroux, Monfort and Trognon (1984) ). In practice, however, we will need to estimate t 2 before we obtain the credibility estimator q i .
One obvious generalizations of the presented model is to increase the dimensionality of N ij , e.g. we may consider different types of claims related to the same policy or several types of claims arising from several policies held by the same costumer. This is the studied by Bühlmann, Gisler and Kollöffel (2003) . In the multivariate model presented below, we depart from their setting in that we assume that there are a priori differences, which are not necessarily the same, in each dimension, and, more importantly, we assume one specific risk parameter for each line of business.
In the multivariate case, we need to consider P lines of business. q i = (q i1 , ..., q iP ) is then a vector of random variables, where each component produces a particular individual risk profile for each type of insurance held by the same customer i. We assume ‫ޅ‬ (q i ) = 1 and ‫‪(q‬ޖޏރ‬ i ) = T, with element t 2 kl on row k and column l. The covariance matrix of the risk profile random variables is constant for all individuals in the portfolio. No other restriction is initially imposed on the covariance between the risk profile of different components. The a priori differences now are l ijp where subscript i refers to the customer, j refers to the year and p refers to the type of claim, and correspondingly, the risk profiles are q ip for every individual and product.
Again, using the best linear predictor principle in the multivariate setting, the credibility estimator follow immediately as:
where bold symbols are used to denote vectors. Y " i is P-dimensional and each component equals
WITH TIME DEPENDENCE Time dependence can be introduced in the model by letting the individual risk profiles vary over time. Let us assume that Q ij is the (multivariate) random vector of individual risk profiles of customer i in period j. We assume that Q ij are independent in i with ‫(ޅ‬Q ij ) = 1. We assume a vector stationary process with covariance structure both between the P types of policies and between the J periods. To focus on the covariation between lines of business we follow and generalize Pinquet et al. (2001) . We denote the covariances and autocorrelation coefficients as ‫‪(q‬ޖޏރ‬ ijp , q i*j*p* ) = r pp* | j-j*| t 2 pp* if i = i* and ‫‪(q‬ޖޏރ‬ ijp , q i*j*p* ) = 0 otherwise, with |r| # 1. This holds for all individuals in the portfolio, j, j* = 1, ..., J and p, p* = 1, ..., P. Theoretical, or intuitive, there are no restrictions for r pp* and r p*p to differ, but in our application below we put r pp* = r p*p , for simplicity.
In our application we have used a Weighted Least Squares (WLS) method, with the duration as weight:
where q ip is the credibility estimator expression, with or without time dependence for individual i, year j and product type p, which depends on the structural parameters.
DATA STUDY
In this section, we apply the models introduced in this paper to a portfolio of a Danish insurance company. By way of introduction, we need to discuss a few theoretical and implementational challenges, which arise when going from onedimensional to multidimensional experience rating. Firstly, the number of underwritten lines of business may not be the same for all customers, but we would still like to apply the same framework. Secondly, we would like to be able to cope with a policyholder who has different lines of business issued at different points in time, so that the length of the claims history varies between lines.
And thirdly, we have to take into account that durations of the contracts do not necessarily equal one year, because the policy may not be in force during the whole period. Our approach addresses all three issues and results in a practical scheme that can readily be applied in practice. Actually, the first and third problem are the same in the ordinary multidimensional Bühlmann-Straub context, and is solved through using the estimated expected claim frequency as weight. The second problem is only a concern in time-dependent models and the problem is solved by treating the unobserved period as a missing value and replacing the missing information with full collective information.
The data for the study come from an active Danish insurance company's commercial portfolio and contain information on claim frequencies for various types of coverage: Fire, water damage, fungus and insect damage, glass damage and theft. For illustrative reasons, we have chosen to focus on only two types of coverage -lines of business -water damage and theft. The original data set contained information from 1995 to 2003 on 19,270 policies having both lines of business. For sake of simplicity (see, discussion above), we excluded policies with less than 4 years of claims history in one of the business lines. This restriction reduced the number of policies to 10,212. Finally, we saved a random subsample of 25% of the policies for testing the estimated models, leaving 7,656 policies for analysis. In this final version, we had 288 claims on water damage and 739 on theft.
The data also contained an estimate of the annually a priori expected number of claims for each policy on each coverage l ijp , which were originally calculated using a Poisson regression model on the entire data set (see Dionne and Vanasse (1992) or McCullagh and Nelder (1989) for generalized linear models).
We estimated the unknown structural parameters in each credibility model by minimizing (3), and the results are shown in Table 1 . Numerical minimization was achieved by an iterative method, with the one-dimensional estimates as starting values for the two-dimensional model parameters.
The estimates of Table 1 reveals a positive correlation between the two lines of business within the same policy (t 2 12 = 0.619). This coincides with our expectations, since it corresponds to unmeasured risk factors which cannot be captured by the a priori differences alone. Further more, expected results of the time-correlation parameters were obtained. Risk profiles for consecutive time periods show positive correlation, as in Pinquet et al. (2001) and even for different types of coverage a positive correlation between consecutive periods was found (r 12 = 0.351).
A comparison between the different models was made by applying the estimates of Table 1 to the testing sample containing 2,556 policies. The prediction power of the different models was assessed by calculating the weighted sum of squared residuals for the time-period J + 1. All models performed better than the a priori differences l ijp alone, and the two-dimensional models showed slightly better results than the one-dimensional models. We end this section with an investigation of the consequences of implementing the introduced models. This is done by choosing five arbitrary policies and realise how the different models respond to their claims history. Characteristics on the five policies can be seen in Table 2. Table 3 displays estimates of q ip for the five policies using the different models. The column 'Crude estimate' shows the unsmoothed estimate .
Focusing on the first policy, we see that for the theft coverage the onedimensional models give a rebate on the premium, while the two-dimensional models suggest a raise in the premium. This is because the individual history from the second coverage, water damage, is taken into account. It can also be seen that the two-dimensional model with time-dependence suggests a bigger raise in the theft line, since the claim in the water line appeared in the previous year (the two-dimensional model without time-dependence weighs all claims equally). If we consider the water damage line for the same policy, both time-dependence models suggest an increase of more than 30% in the premium, while models without time-dependence suggest an increase of around 19%. An opposite scenario in the context of time-dependence structure arises in the third policy, in the water line of business. Here, the customer experienced a claim during his first year. This is shown by the time-dependence models, leading to lower values than the other two models without a timedependent structure. Policies 2, 4 and 5 should be interpreted in a similar manner.
CONCLUSIONS
The claims history for a customer, or policy, is commonly used to adjust the future premium, and this is often implemented using a Bonus-Malus System. The idea behind multiline experience rating is to extend this concept so that the rating also depends on performance in other lines of business. The motivation behind this is that if a customer performs badly in one line, we will expect her to perform badly in all lines of business, to some extent. The size of the impact on a particular line of business of claims made in other lines should be controlled by the correlation between the two lines, and the amount of observed exposure.
We have presented a model for multiline experience rating in this study. The model is applied for two lines of business, but can easily be extended to arbitrary numbers of dimensions and the time dependence can have a more general structure.
The model has been applied to data from a commercial insurance company in Denmark, and the results show that the models perform slightly better than the one-dimensional Bühlmann-Straub credibility model in terms of predicting error in a testing sample.
